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Comment on “Optimal Measurement
and Velocity Correction Programs for
Midcourse Guidance”

Rorerr J Frrzeerarp®
M assachusetts Institute of Technology, Cambiidge, Mass

N a paper by Denham and Spever,! the authors discuss the
possibility of varying the times of midcourse velocity cor-
rections to minimize a function ¢, which involves the terminal
deviation variances and a statistical measure of the total
velocity change used for control
It is suggested that 0¢/df; be calculated by changing t; to
t; + At; and recalculating the X(f) and E(f) histories In
such an approach Atf; would have to be kept small to make
the assumed linearization valid But when Af is small,
the computation of the derivative inevitably involves taking
differences of nearly equal numbers, a procedure to be avoided
if reasonable accuracy is to be attained The following
procedure allows direct computation of the derivative
The basic problem is that of finding the partial derivatives
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where ¢ is the correction time to be varied and » is the num-
ber of time intervals ¢, is the final time

We first derive the relations describing the propagation of
perturbations in the variance matrices 6X(f) and SE(t) in
the periods between corrections From (3 7)1 and (4 10),
with A = @ = 0 (because the vehicle is in free-fall), and
with K = EHTR™! (for optimal state-variable estimation),
we have

X = XFr 4+ FX (1)
E = EFT - FE — EHT R~ HE 2)

Equation (1) is linear, and the corresponding perturbation
equation, from (5 6), has the solution

06X = Py 60Xy Pin >k (3)

where, for brevity, we have omitted the arguments in favor
of equivalent subscripts

Equation (2) is of the Riceati type and its perturbed solu-
tion (see Appendix A) satisfies the equation}

0FEip- = [Bip - ®ip o TE L 0E By Py i 0]
@T>k @)

From Eq (5 11),
Eiy = Ei_ + GQ.G"

where @ is the control implementation error covariance
matrix It follows that

6Ei+ = 6E¢_ + GzanGzT
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T Equation numbers with decimals refer to the paper! under
discussion

1 The superseript — 7' indicates the transposed inverse of a
matrix

where 6Q); can be expressed in terms of §X,. and 6E,_ (if
the control implementation error depends on the control)
or may be zero Combining this with Eq (4), we can write
6FE;c+:_in the form

8Ein- = 2_ Nxi0AiNxy' + 2 NpdBe Ne!  (5)
7 7
The propagation of §X across a correction time is derived
fromEq (5 7):
Xio = Xoio + G X — E)I'T + Q1:_G7 +
(X — E)I7G* + GT'(X — E)].-
where the matrix T' (derived by Battin?) is the feedback ma-~
trix which deteimines the impulsive velocity correction
T'é2 By perturbing Eq (67) we find
60Xy = 86X 4+ Q.T'6X, T,7G,T +
80X, .T\7GT 4+ G.T'dX,. — GIUSE, INTG,T —
6, TG — G.TWBE, . + G:6Q:G:T  (6)

Combination of Eq (3) with Eq (6) gives an expression
for 6X: 41— of the form

20 Mu 8B Mgy (7)

8Xin = 2o My6X: My —
J 7

The forementioned recurrence formulas, Eqs (5) and (7),
require, as initial conditions, the values of 6FE(;,1,—) and
86X (tr1—), where ¢, is the correction time to be varied By
differentiating Eq (57) with respect to time at f;, we can
express OX(fx+)/0t. in terms of the time derivatives, at
(ti—), of the components of the right-hand side X(t.—)

is obtained from Eq (1), G from the original differential

equations, E from Eq (2), I" from Battin’s derivation of T,
and @ from the (time-varying) statistical properties of the
control implementation error v If @ is also a function of X
and E, its derivative must be calculated accordingly We
can thus write 6X (t;+) in the form

5X(tk+) = Mk+5tk (8)

Now Eq (3) must be altered, for ¢ = k, because @444
changes as we vary &, Hence,

60Xy = Bpp 10X, Prpn” + 2Pppy 1 X5 0Prpi ! (9)
Now the transition matrix may be written as
Pryr = S(ten)S 1) (10
where 8 is a nonsingular solution of
St = F@OS()

Hence,

0 d :
a_tk ¢k+1 = S(tk+1) Jt; S—l(tk) = —Sk+1Sk“1SkSk‘1

= —Dpp,l(8) 1n

Hence, combining Eqs (8, 9, and 11), we may write
86X (txy1—) in the form

X (=) = Miuty (12)

In similar fashion, by differentiating (5 11), we can ex-
press 6 () as

SE(ti+) = Nt 13)
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The relation between 8E(ix+) and SE(fin—) is derived
in Appendix B, and allows us to write

SE(tryn—) = Niadly (14)

With Eqs (12) and (14) and the recurrence formulas, Eqs
(5) and (7), we can now evaluate the matrices M; and N; ( >
k 4 1), which enable us to write

0X(t;—) = M.étx

@> k) (15)
@>Fk) (16)

The matrices M; and N, are just the time derivatives of X
and F at t;, as determined from Egs (1) and (2)

It should be noted that it is not necessary to solve addi-
tional differential equations in order to apply this procedure
The matrices used in the recurrence formulas (5) and (7) are
all quantities which presumably have already been com-
puted for the nominal trajectory This is due principally
to the fact that the vehicle follows an undisturbed free fall
trajectory between corrections, which results in the uncou-
pling of Eq (A4) from Eq (A3) If Eq (A4) were not
homogeneous, we would be forced to compute the transition
matrix § by integration of Eqs (A3) and (A4)

The analysis just given applies only if measurements are
made continuously In the case of discrete measurements,
Eq (2) would not be applicable, but would be replaced by
Eq (71), and the remainder of the derivation would be
altered accordingly

Appendix A: Perturbed Riceati Equation
The solution of Eq (2) is given by Kalman?as

E = [0 + 0:B,][0n + 01.E] ! (A1)

E, and F here will represent values at the beginning and end
of an interval between corrections, ¢, and ¢;;;.  The matrix

o-[n %] a2

is the transition matrix of
X = —F7x + H'R~'Hw (A3)
V= Fw (A4)

for the time interval in question
Obviously, 8 = 0 in this case, and 6 = P4y 4; 61 is the
transition matrix of the Eq (A3), and can be shown to be

O = Biq 77 (A5)
From Eq (A1) we can deduce that, with 8y = 0,
b = B0y — OuEp! (A6)
By perturbing Eq (A1) we find

OF = [020E,][01u + 612Ho] ™t —
[0 + 022Eo] [0 + 615E5] 710120 Ep [0y 4 010F] !

= [0 — E012]8E[001 + 612Fo] ! (A7)
With 6 = 0, this can be written, using Eq (Al),
SE = [0 — E61:]8E0[02E,] 'E (A8)
which, together with Eq (A6), gives
O0E = [E®TE, 6K, [Ey '@ 1E] (A9)

Appendix B: Perturbed Riccati Equation with Variable
Initial Time

We now consider the effect of varying the initial time on
Eq (A9) We consider only the special case #x = 0
Es and E represent Ern. and Epri.  Equation (Al) can be
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written

E = $EPT + 61:Fp] ! (B1)
and Eq (A86) can be written

O = E7'® — & TE,! (B2)

Hence, from Eq (B1),
OE = [0DFE, + POE,] (@77 + 0B, —
E[&@"T + 6012E0 + 0125Eo][‘1’_T + 012E]0]_-1
= [6DE, 4+ POE]E, P E —
E3®-T + 801.E + 61:0FE,] E,"'®1E  (B3)
where, using Eq (11),
0P = —BFotL, (B4)
0P T = —PTHPTP~T = P~TF, Tt (B5)
The quantity 6., is determined by noting that the solution
of Eqs (A3) and (A4) can be expressed as
w(t) = ¢ t)wt) (B6)
x(t) = 77 tx(t) +
[, @t @RS H W@ (BT)

Since the last term represents 6..(t,tx)w(tz), it follows that
?
O(tty) = ftk ST, )H (1) R () H(r)®(r,ty)dr (BS)

from which

o} e
S Oro(tiyr,te) = —STH,"R,"'H, + j:kk DT (tyq,m) X
%

HT ()R Yv)H (1) a%k P(7,tr)dr

= —STH, TR, 'Hi — Oro(toss,te) Fr (B9)

where we have made use of Eqs (B4) and (B8) in evaluating
the last term
Combining Eqs (B2-B5 and B9), and simplifying,

0F = E®-T{H,"R;,'\H; — FiTE,™' — Ey 'F P Edt: +
(E®—TE,1)6E\[E,'®1E] (B10)
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HE subject paper! includes a most informative graphical
presentation and interpretation of the launch and trans-
fer characteristics of earth-lunar trajectories Declination
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